ABSTRACT. Assume that f is a function defined on some interval I ⊂ R m . Literature offers several equivalences of the type: f has a property P (like absolute continuity, bounded variation, etc.) on I if and only if f has P on each (closed) null subset of I. Such results feature a pretty important role in the integration theory. We make a brief review of these results and then provide an example showing that they can break down if considered in the uniform version, that is, for sequences of functions instead of a particular function.
Introduction
One of the most interesting streams in theory of nonabsolute integration, is related to the classical Radon-Nikodým theorem. It asserts that, recall, for two σ-finite measures defined on the same measure space, if one of them is absolutely continuous relatively to the other, then it is an indefinite integral defined with respect to the other measure. Theory of nonabsolute integration offers few similar results that concern generalized Riemann integral (KurzweilHenstock integral ) . Let us allow now some terminology.
By a tagged interval we mean a pair (I, x), where x ∈ I, I a compact subinterval of real line. We say it is anchored in a set E ⊂ R if x ∈ E. A division in an interval [ We say a division is anchored in E ⊂ R if all its members are so. For two divisions
in [a, b] , and a function F : [a, b] → R we will use the notations
Ò Ø ÓÒ 1º ( [12, 15] 
where sup runs over all ð-fine divisions P anchored in E. The function F is said to be SL (after Strong Lusin Condition) if | · | F is absolutely continuous, which means that
The name Strong Lusin Condition comes after Lusin's condition (N ) (image of a nullset is a nullset). By the inequality |F (E)| ≤ |E| F [23: Theorem 43.1], SL indeed implies (N ) (the symbol |X| shall stand for the Lebesgue outer measure of X ⊂ R).
With a standard argument one shows that |·| F , defined on all subsets of [a, b] , is a metric outer measure [24: Theorem 3.7] , and so if restricted to the class of Borel sets, is a measure on [a, b] . Now turn to a Radon-Nikodým question: what property of F can be derived from absolute continuity of | · | F , that is, how to characterize the SL property of F ?
The following are equivalent:
• F is an indefinite Kurzweil-Henstock integral (for F ).
A consequence is, if F is SL then | · | F is σ-finite and
E n such that F is AC δ on each E n , that is, to each ε > 0 there is an η n > 0 and a gauge ð n on E n with the property that each ð n -fine division P anchored in E n with |P| < η n , has |∆|F (P) < ε. A standard estimation shows that F is an indefinite Kurzweil-Henstock integral if and only if F is almost everywhere differentiable and F is SL [13] . Also, it is easy to show that F is SL if and only if F is ACG δ (or even AC δ ) on each null subset of [a, b] , and that F is ACG δ on each set where it is differentiable. So, the core of Theorem 3 can be extracted in the following view: F is ACG δ on [a, b] if and only if it is so on each nullset in [a, b] . This result has brought us to the leitmotiv of the paper: f has a property P on [a, b] if and only if f has P on each null subset of [a, b] . Before passing to the uniform version of that result, we shall recollect (roughly) another results contributing to the leitmotiv. For the sake of brevity we skip most the definitions.
Theorem 3 has several generalizations, related either to multidimensional integration or to integration with respect to general (or particular) derivation bases. The strongest result in the first direction is due to Lee [17] and states simply that Theorem 3 is valid in any m dimensions (without regularity constraints put on tagged intervals). An analogous result for ρ-regular Kurzweil-Henstock integration had been proved earlier by Di Piazza [8] and Skvortsov [18] . Bongiorno, Di Piazza and Skvortsov extended their Theorem 3 to the case of one-dimensional integration with respect to some derivation bases with the so-called BusemannFeller property [6] . Among the bases included were all P-adic bases with the
, p i > 1, being bounded (in particular, dyadic base, triadic base, etc.) On the contrary, the theorem does not hold for any P-adic base with P being unbounded [7] . Theorem 3 holds also for integration with respect to the approximate base [22] .
There is another, more delicate, result related to variational measures that we should mention. Skvortsov with Zherebyov [21] established equivalence between an SL-type condition and an ACG δ -type condition both defined with respect to some, quite general, multidimensional derivation base B, provided F generates σ-finite B-variational measure. This result is thus interesting, as it is independent of B-differentiability almost everywhere of F (and so of being-an-integral problem for F ). It is indeed of importance as even ACG δ -type condition for B does not guarantee B-differentiability almost everywhere, in general; see [7] . In this connection one should mention several results generalizing the statement after Theorem 3: the upper derivative of F computed with respect to base B is the Radon-Nikodým derivative for the variational measure of F defined with respect to the same B (for all Lebesgue measurables) if, and only if the latter is absolutely continuous. For examples see [5, 24] .
There exist also results that concern rather σ-finiteness than absolute continuity of variational measure. Here is a sample [25] (rough and simplified, the original version concerns m dimensions):
PIOTR SWOROWSKI

Ì ÓÖ Ñ 4º For a wide class of derivation bases B, | · | F is σ-finite on some
F σ set E ⊂ [a, b
] if and only if it is so on each closed nullset K ⊂ E.
Our leitmotiv features also in statements related to properties that are not defined locally, that is, defined with intervals, not with tagged intervals. The following result is representative here:
F is, recall, ACG and VBG if, [a, b] can be split into a sequence of sets such that F is respectively AC and VB on each of them. The theorem is an almost immediate consequence of Lusin's C-property of measurable functions. See the proofs in Section 3. Theorem 5 does not hold without measurability assumption [20] .
UACG δ on nullsets does not imply UACG δ
Let us take now a look at what can happen if we consider sequences instead of particular functions, and uniform versions of the properties SL and ACG δ .
Ò Ø ÓÒ 6º
We say a sequence (
if, for each nullset E ⊂ D and each ε > 0 there is a gauge ð on E with the property that for each ð-fine division P anchored in E and contained in [a, b] , and for each n,
In what follows, Var F stands for the variation function of a VB-function
Ä ÑÑ 7º Assume a sequence of absolutely continuous functions
J n ⊃ E and the intervals J n are pairwise disjoint. For each n there is an N n with
if, for each ε > 0 there are a gauge ð on E and an η > 0 with the property that for each ð-fine division P anchored in E, with |P| < η, and for each n,
is UAC δ on E if and only if it is USL on E, and that UACG δ implies USL (for any E).
Here follows the main result of our work. The example provided is rather simple, natural, however reasonably interesting in the context of introductory section.
. . , n. We define F n as follows:
As the total variation of F n on [c
There is a gauge ð and a constant η > 0 such that |∆|F n (P) < M/8 holds for each n and each ð-fine division P anchored in E k with |P| < η. As the outer measure is continuous from below, there is n 0 with |E kn 0 | > M/2, where
Now, notice that bothp r and p r tend to | cl E kn 0 |, whence from (2.2) it follows that there is r 0 with
We can assume that r 0 ≥ n 0 .
Denote as I the set of all i = 1, . . . , r 0 with ]. We denote it as I i . Each
On the other hand,
a contradiction. The condition 3. has been justified.
Some positive results
We should not leave the reader with an impression that the reason for our leitmotiv 's breaking down in Example 9 is the passage to sequences from particular functions. It is also due to the fact that the properties SL, AC δ were defined locally. We shall point out that the leitmotiv goes on for uniform versions of some well-known properties which are defined in a nonlocal manner. 
Ì ÓÖ Ñ 10º A sequence of continuous functions (F
is UVBG on no neighbourhood of x. Note that P is perfect and, by our supposition, P = ∅. Let P be the set of all bilateral accumulation points of P ; P \ P is at most countable. As (F n ) ∞ n=1 is UVBG on no portion of P , the same is for P . Thus, trivially, (F n ) ∞ n=1 is UVB on no portion of P . Stage 1. We can pick n 1 and a sequence of nonoverlapping intervals
with all the endpoints in P , such that 
Stage r. We take a sequence of nonoverlapping
. . , I
(r) m r all with extremities in P , such that
and
is closed and, up to (3.1), |N | = 0, whence (
As D is dense in I 
As l was arbitrary, it contradicts the fact that (F n ) ∞ n=1 is UVB on D.
ON THE UNIFORM STRONG LUSIN CONDITION
Notice that the above argument holds on provided each F n is nearly everywhere continuous (continuous at all but countably many points): indeed, the set P can consist of continuity points only. Moreover, making a suitable technical adjustment (related to Lusin's C-property of measurable functions) we can prove the following. 
ÓÖÓÐÐ ÖÝ 11º
There is N such that for all n > N and all i = 1, . . . , m
Let positive η correspond to ε according to absolute continuity of F 1 , . . . , F N .
Define η > 0 so that no interval I with both endpoints in 
In case n > N the latter does not exceed
while if n ≤ N we have up to the choice of η
Therefore, an analogue of Theorem 10 for UACG is not true. Along another lines we can provide, however, the compactness-free result. We note the same type of argument works for Corollary 11. 
ÓÖÓÐÐ ÖÝ 13º A sequence of measurable functions
As E is G δ , by the Alexandrov and Baire Category Theorems, there is a dense subset E of some portion I ∩ E = ∅ such that (F n ) ∞ n=1 is UAC on E . So, to each ε > 0 there corresponds η > 0 such that if some intervals I 1 , . . . , I k have endpoints in E then, for each n,
In view of continuity of F n D l and as E is dense in I ∩ D, (3.3) holds if 
Connection to equiintegrability
The notion of UACG δ is closely related to the notion of (Kurzweil-Henstock) equiintegrability. We will recall now a fundamental result in this direction. To this, we need a slightly stronger version of UACG δ , namely UACG ∇ .
Ò Ø ÓÒ 14º
if, for each ε > 0 there are a gauge ð on E and an η > 0 with the property that for each two ð-fine divisions P and R anchored in E, with d(P, R) < η, and for each n,
With R = ∅, the condition UAC ∇ becomes, notice, UAC δ . In consequence,
Ò Ø ÓÒ 15º Assume that we have a sequence (f n ) ∞ n=1 of KH-integrable functions. We say it is equiintegrable, if for each ε > 0 there exists a gauge ð, such that for every ð-fine partition π of [a, b] , and for each n,
The literature offers a proof showing that the properties UACG ∇ and UACG δ are equivalent: [3: Theorem 1, (i)⇐⇒(iii)] (under modified notation). The implication UACG δ =⇒ UACG ∇ is, however, based on a mistaken argument from the proof of [2: Proposition 2.4]. It is claimed there (page 344, second paragraph) that for a closed set M k and a gauge ð on M k we are able to find an open set V ⊃ M k with the property that each interval I ⊂ V sharing only an endpoint x with M k is ð-fine with respect to x, that is, (I, x) is ð-fine. This is, in general, impossible. The paper [2] contains also a direct statement linking equiintegrability with UACG δ [2: Theorem 7.1]. But, this rests on a similar fallacious argument (page 358, second paragraph). We were, alas, unable to repair these proofs. Thus, what one can be sure about the connection between UACG δ and equiintegrability is the following implication. We proved (g n )
ÓÖÓÐÐ ÖÝ 17º
∞
n=1 cannot be equiintegrable.
